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Abstract: Results for the leading two-loop corrections of O(α2t ) from the Yukawa sector
to the Higgs-boson mass spectrum of the MSSM with complex parameters are presented,
with details of the analytical calculation performed in the Feynman-diagrammatic approach
using a mixed on-shell
/
DR scheme that can be directly matched onto the higher-order
terms in the code FeynHiggs. Numerical results are shown for the masses and mixing
effects in the neutral Higgs-boson sector and their variation with the phases of the com-
plex parameters. Furthermore, the analytical expressions of the two-loop self-energies and
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1 Introduction
The recently discovered new boson [1, 2] with a mass around 125.6 GeV by the experiments
ATLAS and CMS at the LHC has given rise to substantial investigations to reveal the
nature of this particle as a Higgs boson responsible for electroweak symmetry breaking.

















are consistent with the corresponding expectations for the Standard Model Higgs boson [3,
4]; on the other hand, a large variety of other interpretations is possible where the Higgs
particle belongs to an extended model connected to physics beyond the Standard Model.
Within the theoretically well motivated minimal supersymmetric Standard Model (MSSM),
the observed particle could be interpreted as a light state within a richer spectrum of scalar
particles. The Higgs sector of the MSSM consists of two complex scalar doublets leading
to five physical Higgs bosons and three (would-be) Goldstone bosons. At the tree-level,
the physical states are given by the neutral CP -even h,H and CP -odd A bosons, together
with the charged H± bosons, and can be parametrized in terms of the A-boson mass mA
and the ratio of the two vacuum expectation values, tanβ = v2/v1 . In the MSSM with
complex parameters, the cMSSM, CP -violation is induced in the Higgs sector via loop
contributions involving complex parameters from other SUSY sectors leading to mixing
between h, H and A in the mass eigenstates [5, 6].
Masses and mixings in the neutral sector are strongly affected by loop contributions. A
lot of work has been invested into higher-order calculations of the mass spectrum from the
SUSY parameters, in the case of the real MSSM [7–39] as well as for the cMSSM [40–47].
The largest loop contributions originate from the Yukawa sector with the large top Yukawa




(4pi) . The class of leading two-loop Yukawa-type corrections of
O(α2t ) has been calculated for the case of real parameters [27, 28], applying the method of
the effective potential. Together with the full one-loop result [47] and the leading O(αtαs)
terms [46], both accomplished in the Feynman-diagrammatic approach including complex
parameters, it has been implemented in the public program FeynHiggs [11, 29, 47–49]. A
calculation of the O(α2t ) terms for the complex version of the MSSM, however, was not
available so far; it is the content of this article.
In a recent paper [50] we have shown first results for the impact of the O(α2t ) contri-
butions within the cMSSM on the mass of the lightest neutral Higgs boson. Here we give
details of the calculation and list the analytic results entering the evaluation of the one-
and two-point functions of the Higgs sector and the required counterterms. The calculation
is done in the Feynman-diagrammatic approach, extending the on-shell renormalization
scheme of ref. [47] to the two-loop level. This ensures that the obtained analytical results
for the renormalized two-loop self-energies can consistently be incorporated in FeynHiggs.
In the numerical analysis, we show results for the masses and CP -mixing of the three
neutral Higgs bosons of the cMSSM and their dependence on the complex phases of the
relevant parameters.
The paper is organized as follows: section 2 provides the theoretical framework of the
calculation and renormalization for getting the dressed propagators of the neutral Higgs
sector up to the two-loop level. The necessary one-loop subrenormalization is described
in section 3, and numerical results are shown in section 4. The appendix contains all
couplings and counterterm vertices needed for the calculation of the contributing Feynman
diagrams, as well as a complete list of the counterterms and of the analytical expressions

















2 The Higgs sector of the complex MSSM
2.1 Tree-level relations for masses and mixing
The two scalar SU(2)-doublets are conventionally expressed in terms of their components
in the following way,
H1 =
v1 + 1√2(φ1 − iχ1)
−φ−1















, the Higgs potential can be written
as a polynomial in the field components,
























+ . . . ,
(2.2)
where the third and fourth powers in the fields have been dropped. Explicit expressions
for the tadpole coefficients Ti and for the mass matrices M can be found in ref. [47]. They
are parametrized by the phase ξ, the real SUSY-breaking quantities m21,2 = m˜
2
1,2 + |µ|2,
and the complex SUSY-breaking quantity m212. The latter can be redefined as real [51]
with the help of a Peccei-Quinn transformation [52, 53] leaving only the phase ξ as a
source of CP -violation at the tree-level. The requirement of minimizing VH at the vacuum
expectation values v1 and v2 induces vanishing tadpoles at the tree level, which in turn
leads to ξ = 0. As a consequence, also Mφχ is equal to zero and φ1,2 are decoupled from
χ1,2 at the tree-level. The remaining (2× 2)-matrices Mφ, Mχ, Mφ± can be transformed



































The Higgs potential in this basis can be expressed as follows,

















































































explicit expressions for the entries are given in ref. [47].






















for β = βn = βc, with β given in terms of the vacuum expectations values,
tanβ ≡ tβ = v2
v1
, (2.7)

























)2 − 4m2AM2Z c22β) , (2.9b)
including the vector-boson masses MW and MZ .
2.2 Masses and mixing beyond lowest order






















At higher order, the irreducible two-point functions are dressed by adding the renormalized
self-energies,
p21−M(0)hHAG → p21−M(0)hHAG + ΣˆhHAG(p2) ≡ p21−MhHAG(p2) , (2.12)
yielding the renormalized two-point vertex functions ΓˆhHAG(p
2), which contain in general
mixing of all fields with equal quantum numbers. The dressed propagators are obtained


















In our case, we evaluate the momentum-dependent neutral “mass matrix” in eq. (2.12)






hHAG − Σˆ(1)hHAG(p2)− Σˆ(2)hHAG(0) . (2.13)
Therein, Σˆ
(k)
hHAG denotes the matrix of the renormalized diagonal and non-diagonal self-
energies for the h,H,A,G fields at loop order k. For the complex MSSM, the one-loop
self-energies are completely known [47], and the leading two-loop O(αtαs) contributions
have been obtained in the approximation of zero external momentum [46]. Within the
same approximation, treating the two-loop self-energies at p2 = 0, we derive the leading
Yukawa contributions of O(α2t ).
In order to obtain the physical Higgs-boson masses from the dressed propagators in
the considered approximation, it is sufficient to derive explicitly the entries of the (3× 3)-
submatrix of eq. (2.13) corresponding to the (hHA)-components. Mixing with the Gold-
stone boson yields subleading two-loop contributions; also Goldstone–Z mixing occurs
in principle, which is related to the other Goldstone mixings by Slavnov-Taylor identi-
ties [54, 55] and of subleading type as well [56]. However, mixing with Goldstone bosons
has to be taken into account inside the loop diagrams and for a consistent renormalization.
The masses of the three neutral Higgs bosons including the new O(α2t ) contributions
are given by the real parts of the poles of the hHA-propagator matrix, obtained as the
















involving the corresponding (3×3)-submatrix of eq. (2.13). The impact of the self-energies
on the mixing and couplings of the various Higgs bosons can be obtained with he same
formalism as described in ref. [47].
2.3 Renormalized self-energies at the two-loop level
For obtaining the renormalized self-energies in eq. (2.13), counterterms have to be intro-
duced up to second order in the loop expansion, for the tadpoles
Ti → Ti + δ(1)Ti + δ(2)Ti , i = h, H, A, G , (2.15)
and for the mass matrices in eq. (2.4),













































For getting the proper counterterms for the mass matrices in eq. (2.5) one has to distinguish
between the rotation angles βn, βc from eqs. (2.3) and β in eq. (2.7) when generating the
expressions for the matrix elements in eq. (2.5). Whereas α, βn and βc are not renormalized,
β gets counterterms β → β + δβ according to the renormalization of tanβ,
tβ → tβ + δ(1)tβ + δ(2)tβ . (2.18)
In the resulting expressions for the counterterm matrices, the identification βc = βn = β is
done afterwards at each order. Details at the one-loop level can be found in ref. [47].
In addition to the parameter renormalization described above, field-renormalization
constants ZHi = 1 + δ(1)ZHi + δ(2)ZHi are introduced up to two-loop order for each of the



























































































One-loop expressions for the entries in the Z-matrices in eqs. (2.20) are given in in ref. [47];
their extension up to two-loop order is listed in the following,














































































































































































Figure 1. List of two-loop self-energy diagrams for the neutral Higgs bosons. One-loop counterterm
insertions are denoted by a cross. Φi = h, H, A; Φ


























































2) are contained in ref. [47]. The renormalized two-loop self-energies







2)− δ(2)MZhHAG , (2.22)
where Σ
(2)
hHAG denotes the unrenormalized self-energies corresponding to the sum of the
genuine two-loop diagrams and one-loop diagrams with subrenormalization. The symbol
δ(2)MZhHAG comprises all the two-loop counterterms for Σ
(2)


























































+ δ(2)MhHAG . (2.23)
Besides the field-renormalization constants from eqs. (2.21), and products of one-loop quan-
tities, the two-loop mass counterterms are required, which are derived from the Higgs po-
tential. A complete list is given in appendix A; this list is valid for the general two-loop
case and not restricted to the Yukawa approximation.
For the concrete calculation of the quantities entering eq. (2.14) we evaluate the two-
loop self-energies at p2 = 0 in the top-Yukawa approximation, which neglects contributions
from the gauge sector (gaugeless limit) as well as the Yukawa coupling of the bottom quark
setting the b-quark mass to zero. In this approximation, only those Feynman diagrams
that are depicted in figure 1 are calculated. The couplings utilized for their evaluation are
listed in appendix B. The diagrammatic calculation of the self-energies has been performed
with FeynArts [57] for the generation of the Feynman diagrams and TwoCalc [58] for the
two-loop tensor reduction and trace evaluation. The renormalization constants have been
obtained with the help of FormCalc [59]. The analytical result for the contribution from
the genuine two-loop diagrams can be found in appendix D.2, and the result from the
diagrams with subrenormalization in appendix D.4.
In our approximation, the required two-loop mass counterterms are simplifications of

























































δ(2)m2HA = 0 . (2.24f)
The quantities δ(1)e, δ(1)MW and δ



























where, however, in the gauge-less limit δ(1)e is equal to zero. The other elements of
δ(2)MhHAG not listed are determined by symmetry (see appendix A), or they involve mix-
ing with the Goldstone boson G, which is not needed for eq. (2.14). Furthermore, in the









together with m2G = 0, m
2
G± = 0, and the mixing angle α is restricted by the relations
sα = −cβ and cα = sβ.
In eqs. (2.23) also several one-loop mass counterterms are needed, which in the present























δ(1)m2hG = 0 , (2.26f)



















The renormalization constants in eqs. (2.15)–(2.17) are determined via renormalization
conditions that are extended from the one-loop level, as specified in ref. [47], to two-loop
order; explicit expressions for the renormalization constants are given in appendix D.6:
• The tadpole counterterms δ(k)Ti are fixed by requiring that the minimum of the Higgs





(1)Ti = 0 , T
(2)
i + δ




























































































Figure 2. List of two-loop tadpole diagrams contributing to T
(2)
i . One-loop counterterm insertions
are denoted by a cross. Φi = h, H, A; Φ
0 = h, H, A, G; Φ− = H−, G−.
T
(k)
i denote the unrenormalized one-point vertex functions at one- and two-loop order;
the two-loop diagrams contributing to T
(2)
i are displayed in figure 2 and written down
in appendix D.3 and appendix D.5. The relation for the mixing angles βn = βc = β
is a consequence of the tapole conditions Ti = 0 at lowest order.
• The charged Higgs-boson mass mH± is the only independent mass parameter of the
Higgs sector and is used as an input quantity. Accordingly, the corresponding mass
counterterm is fixed by an independent renormalization condition, chosen as on-shell






= 0 for the
renormalized charged-Higgs self-energy, at the two-loop level specified in terms of the
unrenormalized charged self-energies (the contributing Feynman diagrams are shown

































































The result for the charged Higgs-boson self-energy can be found in appendix D.2 and
appendix D.4.
• The field-renormalization constants of the Higgs mass eigenstates in eq. (2.20) are








































































































































































t˜k, b˜1 t˜l, b˜1
H− H−
t˜k, b˜1
Figure 3. List of two-loop self-energy diagrams for the charged Higgs bosons. One-loop counter-
term insertions are denoted by a cross. Φ0 = h, H, A, G; Φ− = H−, G−.

















• tβ ≡ tanβ is renormalized in the DR-scheme, which has been shown to be a very con-
venient choice [60] (alternative process-dependent definitions and renormalization of
tβ can be found in ref. [54]). It has been clarified in refs. [61, 62] that the counterterm








which at the two-loop level, however, is a special feature of our approximation and
not generally valid.



























Also in the gauge-less limit these ratios have finite and divergent contributions arising
from the Yukawa couplings and thus have to be included as one-loop quantities ∼ h2t ;




























In the Yukawa approximation, δ(1)s2w is finite. The corresponding Feynman graphs
are contained in figure 5.




terms is a consequence of
the on-shell scheme where the top-Yukawa coupling ht = mt/v2 = mt/(v sβ) is expressed










Accordingly, also the one-loop self-energies have to be parametrized in terms of this repre-
sentation for ht when added to the two-loop self-energies in eq. (2.13). On the other hand,
it may be convenient to use the Fermi constant GF for parametrization of the one-loop











has to be applied, which is affected by loop contributions also in the gaugeless limit,
















This finite shift in the one-loop self-energies induces two-loop terms of O(α2t ), effectively
cancelling all other occurrences of δ(1)s2w.
3 Subrenormalization
The two-loop top Yukawa coupling contributions to the self-energies and tadpoles involve
one-loop diagrams with insertions of one-loop counterterms. This subrenormalization con-
cerns masses and couplings in the colored sector and in the chargino-neutralino sector.
3.1 The third-generation quark-squark sector
















bases are given by
Mq˜=
m2q˜L+m2q+M2Z c2β(T 3q −Qq s2w) mq (A∗q − µκq)
mq (Aq − µ∗ κq) m2q˜R+m2q+M2Z c2β Qq s2w








































Figure 4. Feynman diagrams for renormalization of the quark-squark sector. Φ0 = h, H, A, G;
Φ− = H−, G−.
with Qq and T
3





≡ m2q˜3 . In the gaugeless approximation the D-terms vanish in both the t˜ and
b˜ matrices. Moreover, in our approximation the b-quark is treated as massless; hence, the










. The stop mass eigenvalues can be obtained by












Since At and µ are complex parameters in general, the unitary matrix Ut˜ consists of one
mixing angle θt˜ and one phase ϕt˜.
Five independent parameters are introduced by the quark-squark sector, which enter
the two-loop calculation in addition to those of the previous section: the top mass mt, the
soft SUSY-breaking parameters mq˜3 and mt˜R (mb˜R decouples for mb = 0), and the complex
mixing parameter At = |At|eiφAt . On top, µ enters as another free parameter related to
the Higgsino sector. These parameters have to be renormalized at the one-loop level,
mt → mt + δ(1)mt, (3.3a)
Mt˜ →Mt˜ + δ(1)Mt˜. (3.3b)
The independent renormalization conditions for the colored sector are formulated in the
following way:
• The mass of the top quark is defined on-shell, i.e.2
























according to the Lorentz decomposition of the self-energy of the top quark (the con-
tributing Feynman diagrams are depicted in figure 4)
Σt(p) = 6pω−ΣLt (p2)+ 6pω+ ΣRt (p2) +mt ΣSt (p2) +mtγ5 ΣPSt (p2). (3.5)


















, i = 1, 2 , (3.6)

















involving the diagonal t˜1 and t˜2 self-energies (diagrammatically visualized in figure 4).











• The mixing parameter At is correlated with the t˜-mass eigenvalues, tβ, and µ, through


























































is imposed, as in ref. [46], which involves the non-diagonal t˜1–t˜2 self-energy (figure 4).
By means of eq. (3.8) the counterterm δ(1)At is then determined. Actually this yields
two conditions, for |At| and for the phase φAt separately. The additionally required
mass counterterm δ(1)µ is obtained as described below in section 3.2.
• As already mentioned, the relevant sbottom mass is not an independent parameter,
and hence its counterterm is a derived quantity that can be obtained from eq. (3.7),
δ(1)m2
b˜1
≡δ(1)m2q˜3 = |Ut˜ 11|2 δ(1)m2t˜1 + |Ut˜ 12|
2 δ(1)m2
t˜2







3.2 The chargino-neutralino sector
For the calculation of the O(α2t ) contributions to the Higgs-boson self-energies and tad-
poles, also the neutralino and chargino sectors have to be considered. Chargino/neutralino
vertices and propagators enter only at the two-loop level and thus do not need renormal-
ization; in the one-loop terms, however, the Higgsino-mass parameter µ enters via the
couplings of Higgs bosons to stops and the counterterm δ(1)µ is required for the one-loop
subrenormalization. The mass matrices in the bino/wino/higgsino bases are given by
Y =

M1 0 −MZ sw cβ MZ sw sβ
0 M2 MZ cw cβ MZ cw sβ
−MZ sw cβ MZ cw cβ 0 −µ
MZ sw sβ MZ cw sβ −µ 0












































Figure 5. Feynman diagrams for the counterterms δ(1)µ, δ(1)M2W
/




Diagonal matrices with real and positive entries are obtained with the help of unitary
matrices N,U,V by the singular value decompositions
N∗YN† = diag
(
mχ˜01 , mχ˜02 , mχ˜03 , mχ˜04
)






In the gaugeless limit the off-diagonal (2× 2)-blocks of Y and the off-diagonal entries of X




























, V = 1 ; (3.13a)
mχ˜01 = |M1| , mχ˜02 = |M2| , mχ˜03 = |µ| , mχ˜04 = |µ| , mχ˜±1 = |M2| , mχ˜±2 = |µ| ;
(3.13b)









The Higgsino mass parameter µ is an independent input quantity and has to be renor-
malized accordingly, µ→ µ+ δ(1)µ, fixing the counterterm δ(1)µ by an independent renor-
malization condition, which renders the one-loop subrenormalization complete. Together
with the soft-breaking parameters M1 and M2, µ can be defined in the neutralino/chargino
sector by requiring on-shell conditions for the two charginos and one neutralino.
However, since only δ(1)µ is required here, it is sufficient to impose a renormalization
condition for χ˜±2 only; the appropriate on-shell condition reads,























where the Lorentz decomposition of the self-energy for the Higgsino-like chargino χ˜±2 (see
figure 5) has been applied, in analogy to eq. (3.5).
Another option is the DR-renormalization of µ, which defines the counterterm δ(1)µ in
the DR-scheme, i.e. by the divergent part of the expression in eq. (3.14).
4 Numerical results for masses and mixings
In this section we present numerical analyses for the masses of the neutral Higgs bosons

















MSSM input SM input







M2 , mb = 4.2 GeV,
ml˜1 = me˜R = 2000 GeV, mτ = 1.77703 GeV,
mq˜1 = mu˜R = md˜R = 2000 GeV, MW = 80.385 GeV,
Au = Ad = Ae = 0 GeV, MZ = 91.1876 GeV,
ml˜2 = mµ˜R = 2000 GeV, GF = 1.16639 · 10−5,
mq˜2 = mc˜R = ms˜R = 2000 GeV, αs(MZ) = 0.118,
Ac = As = Aµ = 0 GeV, 1/α = 128.945.
Table 1. Default input values of the MSSM and SM parameters.
with the full dependence on the external squared-momentum p2, and the two-loop O(αtαs)
terms are taken from FeynHiggs, while the O(α2t ) terms are computed by means of the
corresponding two-loop self-energies as specified in the previous sections. In our strategy,
the new O(α2t ) self-energies are combined with the complementary self-energies according
to eq. (2.13) within FeynHiggs, and the masses are then derived via eq. (2.14), ordered as
mh1 < mh2 < mh3 .
The Standard Model (SM) parameters are collected in table 1, as well as
those MSSM parameters that are kept for the analyses which are performed in this sec-
tion. The residual input parameters of the MSSM are shown in the figures or their cap-
tions. The parameters µ, tβ, and the Higgs field-renormalization constants are defined in
the DR scheme at the scale mt.
Higgs-boson masses in the real MSSM. In the case of the MSSM with real parame-
ters, conventionally the mass mA of the CP -odd A boson is chosen as an input parameter,
and the masses of the two CP -even neutral scalar bosons are predicted in terms of mA and
the other SUSY parameters. In this special case, a comparison of our diagrammatic result
with those of the previously known O(α2t ) contributions [28] obtained by the effective-
potential method is possible. In practice, this comparison is made by means of the default
version of FeynHiggs which incorporates the O(α2t ) terms from [28]. The beautiful agree-
ment between the two independent calculations has been shown recently for the mass of
the lightest Higgs boson in ref. [50]; similar good agreement has been found also for the
heavier Higgs-boson mass. The impact of the O(α2t ) terms in particular on the mass of
the lightest Higgs boson is substantial, yielding a mass shift of ≈ 5 GeV, and demonstrates
the importance of the two-loop Yukawa contributions for a reliable prediction of the Higgs-
boson masses. For complex parameters, additional mass shifts of several GeV can occur
from the complex phases.
Higgs-boson masses in the complex MSSM. In the current public version of
FeynHiggs for complex parameters, the dependence of the O(α2t ) terms on the phases

















Figure 6. The result for the masses of the neutral Higgs bosons from the diagrammatic calculation
(full), in comparison with the approximate result from interpolation between the phases φAt = 0, ±pi
(dashed). For reference the result without the O(α2t ) contributions is depicted (dotted). The gray
area depicts the mass range between 124.5 GeV and 126.5 GeV.
and ±pi [63, 64]. In ref. [50] a comparison with the full diagrammatic calculation for the
mass of the lightest Higgs boson was presented showing notable deviations. Figure 6 con-
tains the comparison for all three mass eigenvalues. The dependence of the heavier (upper
plot) and the lightest (lower plot) neutral Higgs-boson masses on the phase φAt is illus-
trated. Rather large deviations from the previous result of FeynHiggs are found owing to
the O(α2t ) contributions to the charged-Higgs self-energy which were not known before but
which are required for consistent renormalization of the self-energies of the neutral Higgs
bosons in the complex MSSM. So far, FeynHiggs utilized the known O(α2t ) contribution to
the self-energy of the A-boson for renormalization; the visible deviations at the real edges in
figure 6 originate from the difference of these renormalization schemes, i.e. the O(α2t ) terms
in the difference ΣA − ΣH± . A similar effect has also been found previously in the O(αtαs)
corrections to the mA–mH± mass correlation in ref. [65].
CP-mixing. In the complex MSSM all three neutral Higgs bosons mix at higher orders

















Figure 7. The mixing-matrix elements squared U2H, ij , i, j ∈ {1, 2, 3} (left) and masses mhi (right),
where i is the index of the row and j is the index of the column, are illustrated with the phase φAt
and the input mass mH± being varied. The color coding is explained in the labels at the top of
the figures; for convenience some contours of the mass plots are signed with their corresponding
mass values. The input parameters are fixed at µ = 2500 GeV, tβ = 10, m˜`
3
= mτ˜R = 1500 GeV,
mq˜3 = mt˜R = mb˜R = 1500 GeV, |At| = |Ab| = |Aτ | = 2mq˜3 , mg˜ = 2000 GeV.
of CP -symmetry. Since the self-energies contributing to the mass matrix at higher orders
are momentum-dependent, this CP -mixing depends on p2 and hence it is not possible to
describe CP -mixing in terms of a constant mixing matrix. A convenient approximation for
the discussion of CP -mixing is given by setting p2 = 0 in the renormalized self-energies of
the Higgs bosons at all orders. In this case, eq. (2.14) simplifies to the eigenvalue equation
for the matrix M
(2)
hHA(0) in eq. (2.13). The real mixing matrix which diagonalizes M
(2)
hHA(0)










 , UH =

UH, 11 UH, 12 UH, 13
UH, 21 UH, 22 UH, 23
UH, 31 UH, 32 UH, 33
 . (4.1)
In general the hi, i ∈ {1, 2, 3}, are no longer CP -eigenstates since they are composed of

















tell the amount of the A boson inside of
hi = UH, i1 h+ UH, i2H + UH, i3A (4.2)
and thus the CP -odd admixture in hi.
The dependence of the mixing-matrix elements squared U2H, ij , in the approximation
of eq. (4.1), on the charged Higgs-boson mass mH± and the basically unconstrained
complex phase φAt [66–74] is shown in the left part of figure 7. Therein, the tiles are
ordered according to the matrix array of U2H, ij , with i and j indicating row and column,
respectively. The right part of figure 7 displays the masses mhi in ascending order from
the first to the third row.
Whenever two masses m2hi and m
2
hj
are close to each other, the entries U2H, ij rapidly
change from zero to unity, i.e. hi and hj interchange their meaning. For a large value
of the charged Higgs-boson mass, the lightest Higgs h1 is basically equal to h. In con-
trast, the heavier Higgs bosons can be composed of H and A in all possible varia-
tions, depending on the phase, thus yielding the possibility of very large CP -mixing.
At the nodal points at the real values of At for φAt = ±pi and mH± ≈ 165 GeV as well
as for φAt = 0 and mH± ≈ 155 GeV the masses of h2 and h3 are equal; slightly above
or below the nodes, h2 and h3 can be identified as H or A. Between mH± ≈ 155 GeV
andmH± ≈ 150 GeV an extreme situation is observed, where each hi is almost equal to h, H
or A for any complex phase. However the situation changes for lower input values of mH±
where a large admixture of A to the lightest Higgs boson h1 is predicted, depending on the
complex phase φAt . In the same parameter range the heaviest state h3 is nearly CP -even for
any phase. In this scenario the Higgs-like particle discovered at the LHC is interpreted as
the heaviest neutral Higgs boson of the MSSM (so-called low-mH scenario). The strongest
gradients for the mixing of h and A to h1 and h2 appear at φAt ≈ ±0.4 andmH± ≈ 150 GeV;
for the present choice of parameters the masses mh1 and mh2 are equal at this point.
For the same parameter set, in figure 8 the Higgs-boson masses are depicted for the two
special cases of mH± = 170 GeV (left) and mH± = 250 GeV (right). For larger mH± the
mass of the lightest Higgs boson can be lowered by an increasing phase φAt to be in the mass
range of the experimentally discovered Higgs-like particle, remaining essentially CP -even,
whereas the heavier Higgs bosons get a larger mass splitting and a substantial CP -mixing.
For the lower mH± value, the phase cannot be too large for the right mass mh1 , and mass
splitting of the two heavy Higgs bosons shows a stronger variation.
Complex-valued µ. Also the coefficient µ of the bilinear term of the superpotential is
in general a complex quantity. The phase of µ is severely constrained by the experimental
limits on the electric dipole moments of electron and neutron. These bounds can, however,
be circumvented in principle by a specific fine-tuning of the phases of µ and of the non-
universal SUSY parameters [71, 73, 75–77], leaving room also for a non-vanishing phase
φµ, and thus we want to illustrate potential effects of φµ 6= 0 in terms of an example. In
figure 9 we display the influence of the phases φµ and φXt (with Xt = A
∗
t − µ/tβ ) on the
mass of the lightest Higgs boson. In the depicted scenario the variation of mh1 with φµ is

















Figure 8. The dependence of the neutral Higgs-boson masses on the phase φAt is depicted for an
input value of the charged Higgs-boson mass of mH± = 170 GeV (left) and mH± = 250 GeV (right).
The other input parameters are the same as in figure 7.






























Figure 9. The dependence of the lightest neutral Higgs-boson mass on the phases φXt and φµ is
depicted. Left: the value of mh1 including all available contributions, with the phase dependence




terms. Right: the contribution ∆mh1 to mh1 owing ex-
clusively to the O(α2t ) terms, for different phases. The input parameters are mH± = 200 GeV,
|µ| = 2500 GeV, tβ = 10, m˜`
3
= mτ˜R = 1000 GeV, mq˜3 = mt˜R = mb˜R = 1500 GeV, |Xt| = 2mq˜3 ,



























for φXt − φµ = 0, ±pi. Nevertheless, large mass shifts do occur.
5 Conclusions
We have presented the full results for the leading two-loop Yukawa contributions of O(α2t )
from the top-stop sector in the calculation of the Higgs-boson masses of the MSSM with
complex parameters. They generalize the previously known result for the real MSSM to the
case of complex phases entering at the two-loop level. The combination of the new terms
with the hitherto available full one-loop result and leading two-loop terms of O(αtαs) yields
an improved prediction for the Higgs-boson mass spectrum also for complex parameters
that is equivalent in accuracy to that of the real MSSM.
In the complex MSSM, the masses of the three neutral Higgs are derived quantities
whereas the mass of the charged Higgs boson is chosen as an input parameter. The mass
shifts that originate from the O(α2t ) terms are significant, and hence an adequate treatment
also for complex parameters is a necessity. Besides the mass shift of about 5 GeV in the
real MSSM, additional shifts of the same size can be induced by complex parameters.
Large CP -mixing among the heavy Higgs bosons is found for mH± & 160 GeV. In this
case the lightest Higgs boson is basically CP -even and can be identified with the Higgs
signal observed in the LHC experiments ATLAS and CMS. At lower values of the charged
Higgs-boson mass, the lighter Higgs bosons can be strongly CP -mixed, with low masses,
and with the heaviest Higgs boson basically CP -even. In this case, the observed Higgs par-
ticle can be interpreted as the heaviest neutral Higgs boson of the MSSM. Such a scenario,
however, might be ruled out by the experimental exclusion of a light charged Higgs particle.
Our new results will become part of the code FeynHiggs, where so far the complex
phases are treated in an approximate way by interpolating between the real results for
phases 0 and ±pi. At the formal side, we have given the complete counterterm structure
at the two-loop level for the renormalization of the self-energies in the Higgs sector of the
complex MSSM, which can be used for further two-loop calculations going beyond the
Yukawa approximation.
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A Two-loop mass counterterms
The genuine two-loop mass counterterms introduced in eq. (2.16b) and eq. (2.17b) are
listed in the following. Thereby δ(1)e, δ(1)MW and δ







































































+ sα−β c2β δ
(1)tβ
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− cα−β c2β δ(1)tβ
(



































δ(2)m2hH = cα−β sα−β δ






− cα+β sα+β δ(2)m2Z − c2β δ(1)tβ
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− cα−β sα−β c2β δ(1)tβ
(








































δ(2)m2HA = −δ(2)m2hG , (A.1g)
δ(2)m2HG = δ
(2)m2hA , (A.1h)























































































The neutral counterterms are symmetric, i.e. δ(2)m2ab = δ
(2)m2ba (a, b = h,H,A,G).
B Couplings and counterterm insertions
B.1 Tree-level vertices
The tree-level vertices contain the top-Yukawa coupling ht = mt/v2 . In the case of the
Higgs bosons, their different couplings are accommodated by explicit factors c ( . . . ).
The symbols Φ0 and Φ± are used as generic expressions for the Higgs bosons,
i.e. Φ0 ∈ {h, H, A, G} and Φ± ∈ {H±, G±}. For fermion couplings, the left-chiral part
is the first and the right-chiral part the second entry of the column. The present approxi-

















to ht or h
2























c4(h, h) = c
2
α ,
c4(H, H) = s
2
α ,
c4(A, A) = c
2
β ,
c4(G, G) = s
2
β ,
c4(h, H) = cα sα ,








































































































































































































































































































































































































































































































































































The following one-loop counterterms for the two, three- and four-point vertices appear as
insertions in the two-loop diagrams with subrenormalization for masses and couplings. For
the two-point vertices we have









≡ i δ(1)m2q˜3 . (B.2c)
To shorten the notation for the three- and four-point vertices, the previously defined
tree-level couplings C( . . . ) are re-utilized; their corresponding one-loop counterterms are
named δ(1)C( . . . ). Since each of the vertices contains the top-Yukawa coupling ht, its
















is part of each vertex counterterm [the renormalization constant δ(1)e
/
e is omitted since
there are no contributions of O(αt)]. Also the field-renormalization constants of the Higgs
bosons are kept; all other field-renormalization constants cancel out in the sum of the full


















































































































































































































































































































































































































The counterterms of eq. (B.5j) and eq. (B.5k) should be emphasized, because they are the
only ones which cannot be simply expressed as a product of a tree-level coupling and the


















The analytical evaluation of the O(α2t ) contributions requires the following explicit expres-
sions for one-loop and two-loop integrals.
C.1 One-loop functions
In the following all required one-loop integrals are listed up to O(1), where  = (4−D)/2
parametrizes the divergent parts. D is the dimension of the integrated momentum and µD




The reduction to scalar integrals as described first by ref. [78] has been used. The scalar
integrals have been re-evaluated by using the technique of Feynman parameters.

































































































































1− L (m22)]+ m21 −m22
m21
[

































































































m21 −m22 + p2
2p2
[























m21 −m22 + p2
4p2
[







1− L (m21)) (log (m21−m22+p2+R)− log (m22−m21−p2+R))
+
(
1− L (m22)) (log (m22−m21+p2+R)− log (m21−m22−p2+R))
+





























































































































































































































The notation of the two-loop integrals follows the conventions which have been introduced
by refs. [58, 79]. After reducing the appearing two-loop integrals to a set of master integrals
and applying the approximation of a vanishing external momentum, only the following
function is left which cannot be completely expressed in terms of one-loop functions. The


































































































































































3 − 2m21m22 − 2m22m23 − 2m23m21 . (C.8e)
The function Φcyc is cyclic in its arguments and contains only finite parts.











































for x > 1, y ≥ 1,
Taxby
(
























for x ≥ 1, y > 1,
with a 6= b and a, b ∈ {1, 3, 4}.






































































































































































































































































































































































Integrals with multiple denominators of the same loop-momentum structure and different





























m21, . . .
)− Ta...(m22, . . . )] (C.11)
for m21 6= m22 and a ∈ {1, 3, 4}.
























, . . .
)
(C.12)
for a, b ∈ {1, 3, 4}.
D Analytical O(α2t) results
The analytical expressions for the O(α2t ) contributions to the Higgs tadpoles and self-
energies that are described in section 2 are listed in the following.
D.1 Symbols and abbreviations
The following symbols and abbreviations are used to express the analytical results in a
compact way. To shorten the notation the absolute-value bars of |Xt|2, |Yt|2 and |µ|2 are
suppressed in the following terms:
∆a,b = m
2





, Yt = A
∗
t + µ tβ , (D.1b)














− x2t − y2t , (D.1d)
U− = Ut˜ 1iU
∗


























































D.2 Genuine two-loop self-energies
The explicit expressions of the genuine two-loop integrals contributing to the Higgs-boson





































− (1− 16U×)x2t sG + (1− 4U×)x2t sH +
(


































































(η − 2)2 sE − 2m2t (η − 2) sF + 4m
2
tη



































































− 1− (1 + x2t )] sF + (1− 16U×) η
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sE − 2m2t sF + (1− 16U×) sG
















































































































































2)− 2T113(m2t ,m2t ,m2t )+ T113(m2t ,m2t ,m2b˜1)
+
(














































































































































m2t −m2t˜i + µ


























































































































































































2)+ c2βT13(m2t˜i ,m2H±)] , (D.6a)













































































































m2t −m2t˜i + µ















































































































H±→0, Y 2t →X2t , y2t→x2t , η→−2x2t
,
(D.11a)



























)− T113(m2t˜i ,m2t˜i ,m2b˜1)]−∆t˜i t˜jT1134(m2t˜i ,m2t˜i ,m2t , µ2)
























































− c2βsHJ − s2β sHJ
∣∣∣
m
























































(1− 4U×) + 1− U−
(
x2t (1− 12U×) + 1− 8U×
)]
























[−1 + (2η − U−) (1− 6U×) (1− 4U×)− 2U−x2ty2t (1− 12U×)]T134(m2t˜i ,m2b˜1 ,m2H±)
+ 2



















t (1− 12U×) + y2t (1− 8U×)










[− (5x2t (1− 4U×) + 5− 16U×)]




































































































































































+ 2x2t + 4 + (1− 4U×)
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m2t − Y ′2t
) (









































































































ηm4t [η + (3η − 4) (U− − 2η′)]
∆t˜i t˜j
















































































)− 2m2tT1134(m2t ,m2t ,m2t˜i , µ2)
+m2t
{
[η (1− 3U−) + 2U−]
µ2 −m2t˜i
∆t˜i t˜j






















































































































































































































































































m2t −m2t˜i + µ
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− 4U× + 2y′2t
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+ 2y′2t − 10U×y2t + 3y2t + 1
)
























































































































(−2x2t (U−x2t − 6U× + 2)+ U− (1 + 6U×)) ]












































2y2t − x2t + 1
)
− (y2t + 1) (y′2t + 2x2t + 1)− U− − 1
2
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D.3 Genuine two-loop tadpoles



























































tB − tC + tD1
}
. (D.23c)




m2t −m2t˜i + µ
2)T1134(m2t ,m2t ,m2t˜i , µ2), (D.24a)
tB = sD + sG + sH , (D.25a)











































































































































H±→0, Y 2t →X2t , y2t→x2t , η→−2x2t
, (D.28a)
tHD2 =












































D.4 One-loop self-energies with counterterm insertions
The one-loop self-energies with counterterm insertion are part of the full two-loop self-















































































































































































































η (1− 4U×)− 2m
2
tη
























































































































































































































































































η − |Ut˜ 1i|2


































































































































)− δ(1)m2t˜i t˜i [B0(0,m2t˜i ,m2t˜j)−B0(0,m2t˜i ,m2t˜i)] , (D.31e)
sctB1 =
4


























































































































































































































m2t − Y 2t
)
+ ∆t˜1 t˜2η
















































































































































































































D.5 One-loop tadpoles with counterterm insertions
The one-loop tadpoles with counterterm insertion are part of the two-loop tadpoles of the



































































































































































































D.6 Renormalization constants for subrenormalization


























(mt + <e[YtUt˜ i1U∗t˜ i2])A0
(
m2t˜i
)− 2mtA0(m2t )}, (D.49b)















































































































































2)]+ 8U×A0(m2t˜i)+ (1− 8U×)A0(m2t˜j)








2)]− 2m2t˜i |Ut˜ 1j |2<e[B1(m2t˜i , 0, µ2)]
+ c2βδ






H±→0, Y 2t →X2t , y2t→x2t , η→−2x2t
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m2t |Ut˜ 1i|2 + Y 2t |Ut˜ 1j |2 − ηm2t
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